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Answer question 1 and any four questions from the rest 

1. Answer as directed             (20 × 1 = 20) 

(a) Fill in the blanks          

(i) If 𝑓(𝑧) = (𝑥 + 𝑎𝑦) + 𝑖(𝑏𝑥 + 𝑦) is analytic then 𝑎 = _______ 

(ii) The harmonic conjugate of 𝑒𝑦 cos 𝑥 is _________ 

(iii) The value of 𝑚 so that 2𝑥 − 𝑥2 + 𝑚𝑦2 may be harmonic is __________ 

(iv) 𝑓(𝑧) = |𝑧̅|2 is differentiable only at ____________    

(v) The residue of 𝑓(𝑧) =
1+𝑒𝑧

sin 𝑧+𝑧 𝑐𝑜𝑠 𝑧
 at the pole 𝑧 = 0 is _______ 

(vi) The poles of 
𝑧

cos 𝑧
  are ________    

(vii) The value of ∫
𝑧2+2𝑧

𝑧+3
𝑑𝑧

𝐶
, where 𝐶 is |𝑧| = 1.5 is ________ 

(b) Fill in the blanks 

(viii)  𝐿{(𝑡3 + 1)2} = __________ 

(ix) 𝑍[{𝑎𝑘}] for 𝑘 ≥ 0 is __________ 

(x)  Z-transform of the unit impulse is _________ 

(xi) Z-transform of the discrete unit step function is ___________ 

(xii)   𝐿−1 {
𝑠

𝑠2+4𝑎2
} = ________ 

(xiii) 𝐿−1 {
3+4𝑠

9𝑠2−16
} = _________ 

(c) Answer the following short questions 

(xiv) Write the form lagrange’s equation? 

(xv) Write the Auxiliary equations of Charpit’s method. 

(xvi)  What is the special equation name of  𝑍 = 𝑝𝑥 + 𝑞𝑦 + 2√𝑝 + 𝑞  ? 

(xvii)  Write the complete solution of  √𝑝 + √𝑞 = 1. 

(xviii)  Write the nth order linear homogeneous partial differential equation. 

(xix) Write the complementary function of  
𝜕3𝑍

𝜕𝑥3 − 4
𝜕3𝑍

𝜕𝑥2𝜕𝑦
+ 4

𝜕3𝑍

𝜕𝑦3 = 0. 

(xx) Write the particular integral of  
𝜕2𝑍

𝜕𝑥2
−

𝜕2𝑍

𝜕𝑦2
= 𝑒𝑥+2𝑦. 

2. (a) Show that the function 𝑓(𝑧) = log 𝑧 is analytic everywhere in the complex plane  

      except at origin and find 𝑓′(𝑧).        (7) 

(b) (i) When is a complex function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) analytic?  
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  (ii) Is the function 𝑓(𝑧) = 2𝑥𝑦 + 𝑖(𝑥2 − 𝑦2)  analytic? Justify 

(iii) Determine 𝑎, 𝑏, 𝑐, 𝑑 so that the function 

    𝑓(𝑧) = (𝑥2 + 𝑎𝑥𝑦 + 𝑏𝑦2) + 𝑖(𝑐𝑥2 + 𝑑𝑥𝑦 + 𝑦2) is analytic.  (1+2+3=6) 

(c) Given that 𝑢 = 𝑒−2𝑥 sin 2𝑦 and 𝑣 = 𝑥3 − 2𝑥𝑦 − 3𝑥𝑦2, prove that both 𝑢 and 𝑣 are 

      harmonic functions but 𝑢 + 𝑖𝑣 is not analytic function of 𝑧.    (7) 

3. (a) Evaluate the complex integral ∫
𝑧

𝑧2−3𝑧+2
𝑑𝑧

𝐶
 where 𝐶 is the circle |𝑧 − 2| =

1

2
. (6) 

(b) Determine the poles of 𝑓(𝑧) =
𝑧−3

(𝑧−2)2(𝑧+1)
 and residues at its poles, and hence evaluate 

∫ 𝑓(𝑧)𝑑𝑧
𝐶

 where 𝐶 is |𝑧| = 2.        (7) 

(c) Define a harmonic function. Show that the function  𝑢 = 𝑥3 − 2𝑥𝑦 − 3𝑥𝑦2 is harmonic 

and find its harmonic conjugate.        (7) 

4. (a) Define Z-Transform of a sequence  {𝑓(𝑘)}. Find Z-Transform of the sequence {𝑓(𝑘)} 

where 𝑓(𝑘) =  5𝑘,      𝑘 ≤ 0 

        = 3𝑘 ,       𝑘 ≥ 0         (5) 

(b) Find 𝐿{𝐹(𝑡)}, if  𝐹(𝑡) = 0 𝑓𝑜𝑟 0 < 𝑡 < 2 

                                          = 4 𝑓𝑜𝑟 𝑡 ≥ 2.       (5) 

(c) If 𝐿{𝐹(𝑡)} =
𝑒

− 
1
𝑠

𝑠
,   find 𝐿{𝑒−2𝑡𝐹(3𝑡)}.       (5) 

(d) Evaluate: 𝐿−1 {
6𝑠−4

𝑠2−4𝑠+20
}.         (5) 

5. (a) If 𝐿{𝐹(𝑡)} = 𝑓(𝑆), prove that 𝐿{𝑒𝑎𝑡𝐹(𝑡)} = 𝑓(𝑠 − 𝑎), for 𝑠 > 𝑎.   (5) 

(b) Find Laplace transform of the following functions (any two):       (5x2=10) 

  (i) 𝑒𝑎𝑡(1 − 𝑡 +
𝑡2

2
)  (ii) 𝑡 cos 𝑎𝑡   (iii) 

𝑆𝑖𝑛ℎ𝑡

𝑡
 

(c) Solve (using Laplace transform): 𝑌′′ + 𝑌 = 𝑡, given 𝑌(0) = 1, 𝑌′(0) = 2.  (5) 

6. (a) Find the complete solution of                       (12) 

(i)  𝑝2 + 𝑞2 = 𝑥2 + 𝑦2 
(ii) 𝑧2(𝑝2 + 𝑞2 + 1) = 1 

(b) Using Charpit’s method solve 2𝑥𝑧 − 𝑝𝑥2 − 2𝑞𝑥𝑦 + 𝑝𝑞 = 0       (8) 

7. (a) Solve:                       (12) 

(i)   
𝜕2𝑍

𝜕𝑥2 +
𝜕2𝑍

𝜕𝑥𝜕𝑦
− 6

𝜕2𝑍

𝜕𝑦2 = 𝑦 cos 𝑥  

(ii) 
𝜕2𝑍

𝜕𝑥2
+ 2

𝜕2𝑍

𝜕𝑥𝜕𝑦
+

𝜕2𝑍

𝜕𝑦2
= 𝑥2 + 𝑥𝑦 + 𝑦2  

(b) Using the method of separation of variable solve 

    3
𝜕𝑢

𝜕𝑥
+ 2

𝜕𝑢

𝜕𝑦
= 3𝑢,  

      given that 𝑢(𝑥, 0) = 4𝑒−𝑥         (8) 
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